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“Arithmetic Lefschetz trace formula”?

K number field, X — Spec K smooth proj., A: X — X x X diagonal

T: X --+ X finite étale correspondence T — X x X graph

Count fixed points of T <+ (A, T)

Lefschetz trace/fixed point formula: if H*(X) = @Gal(K/K) irrep.p Vo

(A, T)=> (-1)tr( (Tl higoc Zitr Tlv,)

i

X — SpecOk sm. proj., A: X 5 XxXx, T —XxX, L linebundleon X

WA, T) = (A, £, T) = tr(T|7) 2 Zitr TIV,) - | Tz

For X a Shimura variety with p ~» aut. rep. 7,



Hecke fixed points: count

X = Xo(N) X 2 X x X A T

Hecke operator T — XxX /
/ X x X

A€ ChH(X x X)c 0 # @ H

A= Zﬂ JAN Y
T=(TR1)"'A=3_I(T)Arm.v
= (A7 T)

= 3 An(T) (Arsar s A

(=1 tr(T | H (X)) )
S A (T) - [dim(H (X)) ~ #div(N/ cond(r))



Hecke fixed points: height

A T

Hodge bundle £
IO X x X
(DERE Txxx =

~+ Adjoint L-functions

A€ ChH(X x X)c D H# @ H

A= Zﬂ JAN Y
T=(TR1)'A=3_I(T)Arm.v
= (A7 T)

= 3 An(T) (Arsor s A

(=1 tr(T | H(X)) )
S A (T) - [dim(F ()f]) ~ #div(N/ cond(r))



Adjoint L-functions

F/Q imag. quad. w/ odd disc. V Hermitian space X = Shk(G’) with
G'=U(V) x Resg)g Gy, with  sig(V) = (n—1,1).

Assume Hecke semisimple for simplicity:
Ch" Y (XxX)c = P Ch" (XX X)rmms, A= Angry =Dy ).

Conjecture (C.—Lu—Zhang)

For 7 a cuspidal automorphic representation of G = U(V) which is cohomological
and tempered:

L'(0, 7, Ad)

T(0.m Ad) AmA" (X)) LG 2 Lie(tG)

h(Ar, Ar) ~

center at s =1/2

Theorem (C.—Lu-Zhang)

True for compact unitary Shimura curves (n = 2) modulo Y2, 4 o , Q - log p.



Cohomology

Cohomology and automorphic L-functions

With n — 1 = 2dim(X x X), expect

L(s, H" (X x X)) = H(automorphic L-functions).

~  L(s,m®7,R) =|L(s,BC(w), As")||L(s, BC(n), As7).
L(s,m,Ad) = L(s,BC(r), As(~1)").

Example (n = 1)

Consider “X = Spec F"; 7 automorphic representation for U(1).
L(s, H(X)) = Ce(s) = C(s)L(s, sgn /),
[¢(s) = L(s,BC(m),As")|, |L(s,58nF/q) = L(s,BC(m),As ™).

L/(O,sgnF/Q)

(Averaged) Colmez: Faltings heights of CM abelian varieties ~ T(0.sanr q)



Hecke fixed points: counting CM points

X = Xo(N) X 25 X x X A T

Hecke operator T — XxX /
Ex: p'f N, =" Zchar poly ¢ Zo + (CUSp.) / XX

Zo = {(E,level,y) | vy C E charpoly(y) = &} /
¢ € Z[t] of the form t* + ()t + p

deg Zo " =" H(disc®)  (Hurwitz class number)

geometric %:H(disc¢') + (cusp.) Ac Chl(X X X)cOH @A
A=3% Argev
] T=(TR1)'A=_I(T)Arm.v
o frmite. =(a.7)
J = 3 An(T) (Brgav, Ararv)

spectral Si(=1)te(T | H'(X)) -
" > EA(T) - [dim(H*(X)[xs]) ~ #div(N/ cond(7))



Hecke fixed points: heights of CM points

A T
EOMetiC  aights of CM cycles Zo 3" |(Zo, €)| + (cusp.) /
3

Hodge bundle & ’
IO X x X
(B ERE Thavy =

spectral ~ Adjoint L-functions
geometric 2 H(disc ®) + (cusp.) A€ CR(X X X)e O A @ H
¢
A= Z-;r A'/r&ﬂ'v
] T=(TRQL*A=3_I(T)Armrv
Eichler—Selberg =(A,T)

trace formula
J - Zﬂ. )\7r( T)‘ (Aﬂ'gﬂv 5 Aﬂ'gﬂ'v)

spectral Si(=1)te(T | H'(X)) .
" > EA(T) - [dim(H*(X)[xs]) ~ #div(N/ cond(w))



Strategy: Relative trace formulas

proof

(Heights of CM cycles} orbital integrals
geometric geometric
PPN Relative trace formula
h(A7 T) = <A75 ¢ 57 T>X><X (ResF/Q GLn7 GLn, GLn)
spectral spectral

S AT H(A, ) Thn (M) o gy S )



Analytic side: Twisted Jacquet—Zagier RTF

_ ’_ ' | length n
H = GL,, H =Resg;g GL,, f € S(H(A)), o€ S(W(A)), W= { row vectors } O H

Distribution

Z f(x tvy), O(x, ) = Z o(ux) n = SgNg g

YEH'(Q) ueW(Q)

Arops) = [ | /[H] Ki(%, ) (x, ) X[ n(x) ()" dx dy.

Local orbital integrals
[ = GL,(Qp) for split p.

Si={x € H :xx=1}9 H (by conjugation)  S,(Qp) =
(7, u) € Sn(Qp) x W(Qp) regular £ € S(S:(Qp)) ¢ € S(W(Qy))
Orb(, u, £, p,5) = / F(h~ ) (uh)|hl*n(h) dh,

Qp)
Orb(y, u, s) := Orb(y, u, 15n @,)> Lw(z,), S) for p unramified,
Orb(v, u, s) = 1 if p unramified, v € S,(Z,), )

Orb* = u
(G ) (L-factors)(transfer factors) det(,y) €Z;, ifn=2

If n =2, Orb®(y,u,s)=O0rb%(y,u,1—s).



Strategy: Relative trace formulas

local theorems / conjectures orbh’(n,_ u,0)

“Heights of CM p-divisible grou s"\
( g p Enny J “arithmetic fundamental lemma” Orb®(v, u, 0)

¢ «—— charpoly(y)

proof

{Heights of CM cycles} orbital integrals
geometric geometric
h(A, T) = (A,ERE, Thaxx % OJ(f,ga,s)
s=
spectral spectral
> An(T) H(Ar, A7) Thm ST ) Lom ) dim(r (0l

™, Ad)

™



Heights and CM lattices

Given (E, D) CM algebra E, CM type &:

Z-lattices A w/ CM hral R
Ag © E rank one
[ h(=2)
Ab. var./C w/ CM
b—————— hFa
{ e b fral)

Given (Ep, Dp) E,/Q, étale algebra of degree 2n

&, C Hom(E,, C,) a p-adic CM type, i.e. |®,] = n:

{ Zp-lattices A w/ CM } hy

Ag, © E, rank one Q-logp

7o)

. p-div. gp w/ CM/ Spec Ok
. o —_—
colimy 5, { by (Ep, ) for [K : Op) <00 | ¥ ho(Y)



“Heights” for CM p-divisible groups

Given an isogeny of abelian varieties W: A — B over Ok:

hrai(B) — hrai(A) = 3 log deg W — [K—@ log |coker(V: Lie A — Lie B)|.

Suppose Yo/ Spec Ok is a p-divisible group with Y5 © Og, (maximal order).

|
Definition: Let Hom(Yp, Y) = W - Of, (free rank one /Ok,). Then

hp(Y) := 1 logdeg W — '°f®’:] length coker(W : Lie Yo — Lie Y).

[K

|
Proposition: Given an abelian variety A with CM by (E, ®), we have canonically

heai(A) == h(E,®) + 3, hy(Tp(A))
Max. order | Colmez “AFL”J/Today (average)

L/L Orb’ / Orb



“Arithmetic fundamental lemma" for heights

V sig. (1,1) Hermitian space for F/Q, G =U(V), G’ = U(V) x Resg/qGn
X =Shk(G'), p#2splitin O, K, C G(Q,) maximal, X, 222 gpf7

Supersingular Rapoport—Zink uniformization:

&~ HO\W x 6(aD)/K?), N =] LT

LT(S) _ {Y/S . deformation of the height 2, } , LT o Spf Zpﬂ:t]]

dimension 1, formal p-div. group
I inner form of G, 1(Q,) = D™, [(A?) = G(A?), LT O O}
Forg € O5\ZS: CM(g):={Y eLT: gy = Y} ™™ op¢7,

Local Theorem (C.—-Lu-Zhang)

For g <+ (v, u), i.e. charpoly(g) = charpoly(~) and (v, u) regular (here v € GL2(Q,)):
deg CM(g) = Z 1 = [Qp(g) . QP] : Ol’bh(’}/, u, 0)7

YeCM(g)(Cp)

h(CM(g)) = > h(Y)=—3[Q(g) : Qo] - &

Y eCM(g)(Cp)

Orb*(v, u, s).

s=0




Archimedean: unfolding

Harmonic Green function Gt for T — X x X, i.e. “log potential”
Gt = —log|f|> + smooth where T is locally {f = 0}.
For Eisenstein T € 2 (annihilating H°(Xc, C)):

h(A, T) M Gr(z, z) dx dy
A(C)

unfolding . non-Archimedean
~ . lim ZlOrbU(lyl)(R)(g, QV_1)|'< . . >

v—1+ orbital integrals for T

For t > 1, we have

Qu-1(t) / (t+Vt2—1lcoshu) " du (singularity as t — 1)
0

I \U(L 1)(R)/Koe > R (singularity along Kx).

decomp



Archimedean: orbital integrals

» d
Orby(1,1)(w) (8, @v-1) Al pr OrbE;LZ(R)(s) on GLz(R)\ GL2(C)/ GL2(R)
0

s=l|

MSY transfer
_—

Lue)r) p = Ofbﬁ;LZ(R)(% 7, U, 5)

B {1 if v is elliptic

s=0 0 if v is hyperbolic

“Derivative-to-special-value transfer” (C.—Lu—Zhang)

There exists @periv: Koo \U(1,1)(R)/Ks --+» R (singularity along K..) such that
for g & (7, ),

d
OrbU(l,l)(R)(g7 (bDeriv) = E o OrbE;LQ(R)(% 7, U, 5)'

E=
0o
. _ _ Cartan decomp.
EI(_t) = _/ e ¥x ! dx ~ ¢Deriv
1

? .
Orby,1y(r) (&, @v—1) <=+ Orby(1,1)®)(g; Ei)



Archimedean: spectral decomposition

Orby(1,1)(r) (8, Qv-1) & Orby(1,1)(m) (&> Ei)

Singularity cancellation:
Gdiff,y = 2Qu—1(1+ t) + Ei(—27t) (extends continuously to t = 0)

50 Gaift, € CO(Koo\U(L, 1)(R)/Koo)-
By the Selberg trace formula:

li b i)
uLnf+Zg:0r u,1)®) (& Paift,v) <
= Z tr(m( g, =1 ® T)).
TCLA([U(V))])
dim m=00, ﬂfo"o;é[)

(not cohomological of middle degree)

non-Archimedean
orbital integrals for T



